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MODELING PACKET DELAY IN MULTIPLEXED

VIDEO TRAFFIC

Charles Thompson, Kavitha Chandra � ,Sudha Mulpur �� and Jimmie Davis ���

Center for Advanced Computation and Telecommunications University of Massachusetts,

Lowell, MA 01854

In this paper a Markov chain based characterization of a single video source

is used to model multiplexed video traÆc and the resulting packet delay. The

multiplexed video stream of statistically identical sources is represented using a

reduced order approximation of the superposed Markov generator matrix. It is

shown that inadequate spectral content in the single source generator matrix is

manifested as an underestimate of the packet delay probabilities for the multiplexed

stream. A new method for simplifying the generator matrix for the multiplexed

video stream that amply models its spectral content is given. The simulated and

calculated results using the aforementioned model are shown be in good agreement.
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1. Introduction

Variable bit rate (VBR) video traÆc sources can be successfully modeled by

�nite state, discrete time Markov chains [1,2,3]. The state structure, in conjunc-

tion with a rate process attributed to each state, allows modeling of the short-time

correlation in traÆc generated by a video-coder. The impact of temporal corre-

lation in the output rate of a VBR video source on the queue response has been

examined in [15] and it has been shown that macro-level correlations can be mod-

eled by Markov chain based models. Long-range dependence seen in VBR video

has also been examined and the queueing results have been compared to those

obtained using a Markov chain based discrete autoregressive model [16]. It was

concluded that for moderate bu�er sizes, the short-range correlations obtained
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using Markov chain models are suÆcient to estimate the bu�er characteristics.

TraÆc analysis [2,3] of H.261 and MPEG-2 coders has shown that typically

15 to 20 states are required to faithfully model the queue behavior of moderate to

high activity video sources. Single source models form the basis for determining

the queueing delay and loss distributions for multiplexed video sources. The dis-

tribution of the queueing delay is considered to be the sum of two components:

one resulting from packet-level (cell-level) and the other from burst-level queue-

ing [4]. In packet-level (cell-level) queues, the arrival packet stream is modeled as

a periodic process with random displacements in the starting epoch [5,6]. Burst-

level queues have been analyzed using the uid bu�er approximation [7]. The

approximation requires that the rate process be prescribed and this is done using

a generator matrix and a rate vector to model the packet traÆc. The multiplex-

ing of N identical VBR sources each having K states and K associated rates

yields a source model for the aggregate traÆc which has O(KN ) states. Hence,

the number of states required exponentially increases with the number of sources.

To counter this problem, reduced order traÆc models have been used as approx-

imations. Multi-state Markov sources obtained by the superposition of multiple

two state on-o� sources have been used to model multiplexed sources [8-10]. In

these models, M multiplexed two state on-o� sources require O(M) states to

represent the aggregate process. For moderate to high activity video sources [2],

the aforementioned approach can be shown to underestimate the packet delay. In

[11], uniform sampling of the bit rate histogram of the video source has been used

to develop a Markov modulated rate process model. The sampling rate and scal-

ability of the model with increasing numbers of sources remain open issues. The

asymptotic behavior of the tail probability of the queue length for large bu�ers

can be e�ectively used when a small loss or delay probability is required. In

such a case, the largest negative eigenvalue of the product of the inverse of drift

matrix and generator matrix yields the exponential decay rate of the delay dis-

tribution. The link capacity associated with this eigenvalue is called the e�ective

bandwidth [12]. However, in order to assess the e�ectiveness of multiplexing and

the impact of coding algorithms, the bu�er behavior in the low to medium occu-

pancy regime must be considered as well. Recently, Choudhury et: al [13] have

determined higher order approximations that include the asymptotic constant

that multiplies the exponential term of the delay distribution.

In this work, a model for the traÆc generated by multiplexed video sources

and the resulting packet delay distribution for a uid bu�er is given. A Markov
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chain based traÆc model for a single VBR video source derived from measured

data is used. Using this source model, the characteristics of the multiplexed

traÆc stream is obtained. It is shown that the degree of sampling of the rate

histogram inuences spectral content of the generator matrix. Undersampling the

rate process is manifested as an underestimate of the packet delay probability.

This feature becomes problematic as one increases the number of multiplexed

sources. Therefore, in order to obtain a scalable model for the aggregate source

traÆc, a minimum number of states in the single source model should be retained.

Methods for reducing the state space dimension of the aggregate source model

need to be identi�ed. We consider the minimal Markov chain representation

of the video source that can be justi�ed by measurement. This approach is

implemented using an invariance constraint on the eigenvalue distribution of the

transition matrix with increasing state dimension. The delay distribution for

multiplexed VBR sources is computed using a uid approximation of the bu�er.

Next, when aggregated into packets, the bit stream of the encoder yields the

mean packet rate and a fundamental packet rate. By virtue of this feature, N

multiplexed sources each emitting packets at M harmonics of the fundamental

packet rate, require a maximum of O(NM) states for the analysis of the delays.

This simpli�cation results in a substantial reduction in the complexity of the

model.

2. VBR Source Model

The VBR video model used in this work is derived from a teleconferencing

video scene encoded using the H.261 recommendation. In this scheme, the en-

coder �rst generates a single intraframe (I-frame) at the beginning of the video

sequence. Subsequent frames are encoded as predictive frames (P-frames). The

frames are generated at 1=30th of second intervals and carry a variable number

of bits per frame. Successive P-frames carry di�erential information with respect

to a previous scene change. This state of a�airs causes the number of bits in suc-

cessive P-frame to P-frame transitions to be correlated. The P-frame to P-frame

transitions are modeled by a Markov chain and the output rate distribution for

each of the constituent states is taken to be a Gaussian distribution.

The parameters for the video source model were obtained from an analysis

of approximately 5 minutes of the H.261 coded video sequence. To segment

the rate distribution, a K-means cluster detection algorithm is used on the two
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dimensional space formed by the rates r̂(n) and r̂(n + 1) where the index n is

the frame index and r̂ is given in bits per frame. The number of cluster centers

retained is equal to the number of states. The temporal dependence in the bit

rate is modeled by a K-state Markov chain [2,3]. The number of states required

is a function of the number of scene types in the video sequence. For each state,

the number of bits per frame is a random variable that is drawn from a rate

probability distribution. As a result, a continuous range of the frame bit rates is

identi�ed with each scene type.

Correlation e�ects a�orded by the generator matrix play a dominant role in

the analyses of burst-level queueing. Therefore, the magnitude of the transition

probabilities must be identi�ed from the data. The ratio of the number of tran-

sitions from state i to state j and the total number of transitions out of state i

is used to estimate the transition probabilities in the generator matrix. This is

done once the cluster centers are determined. The probability of the video source

being in a given state is expressed by the vector p̂. The ith element p̂i(n) of the

vector p̂ corresponds to the probability that the source is in the ith state at frame

n. The transition probability between the states is determined by the Markov

chain with transition probability matrix Q̂ and

p̂(n) = p̂(n� 1)Q̂ (1)

To retain the burst-level traÆc characteristics, an appropriate number of

the states as identi�ed by the number of cluster centers must be retained. The

number of clusters chosen will govern the ability to capture the dynamics of the

short-time correlation in the video source traÆc. This correlation e�ects the

queue behavior and is captured by accurately modeling the state sojourn times.

Therefore, the order of the generator must be chosen such that these features are

captured. When using too few states, the tail probabilities of the rate histogram

will not be captured, thereby yielding an underestimate of the packet delay or

loss probability. This situation has been observed by Ha�linger[14] in modeling

VBR sources using semi-Markov models.

In the discrete-time Markov chain model, the temporal correlation in the

rate time series is captured by the eigenvalues of Q̂ which have magnitudes be-

tween zero and one. Since the correlation depends on the eigenvalues geometri-

cally, the model order K must be increased until all subsequent increases of the

model order yield eigenvalues that fall below a prescribed threshold value. In this
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Figure 1. Rate pdf f(r)

way, the dominant eigenvalues of the source are retained in the model. Chandra

et: al[3] have shown that for the video conferencing data used in this model, a 16

state model is suÆcient in this regard. Adding states yields eigenvalues having a

magnitude of less than 10�1.

The elements of the rate vector r̂i in bits per frame and the variance in

the rate �̂2i are given in Table 1. The corresponding state index is given by the

integral value i. In such case, the steady state rate pdf is given by

f(r̂) =
KX
i=1

�pi
e�(r̂�r̂i)

2=(2�2
i
)

�i
p
2�

(2)

The coeÆcient �pi is the steady state probability of state i obtained from the

normalized right eigenvector corresponding to the unity eigenvalue of Q̂T . The

expected value for the rate is equal to the �rst moment of f(r̂). The rate pdf for

the 16 state model derived from the teleconferencing date set is given in Figure

1. In this case, the mean rate is 11; 586 bits per frame. At 30 frames per second,

the bit rate is approximately equal to 0:35Mbits=sec. When the number of states

are reduced, the weaker peaks occurring at the tail of the pdf are aggregated.
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Table 1

Mean and variance of the rate distribution for each state

state rate (bps) std. deviation

i r̂i �̂i

1 3447.41 494.06

2 4507.80 427.26

3 5524.21 504.81

4 6566.66 406.32

5 7838.01 1066.35

6 9048.14 564.76

7 10528.33 679.95

8 11897.90 613.91

9 13934.40 906.08

10 15931.20 708.13

11 17735.60 631.07

12 19902.00 924.07

13 22449.10 757.52

14 24870.30 799.91

15 27550.30 938.45

16 31564.90 1329.96

3. Multiplexed sources and uid bu�ers

In this section, an outline the procedure for developing a model for multi-

plexed video traÆc is presented. The single source model will serve as the basis

for the multiplexed video model. First, the discrete-time model presented in the

previous section will be recast in terms of its continous-time analog. Let p̂(n)

be the samples of its continuous-time analog p(t). The samples occur at equal

intervals of time, �T . The time interval �T is equal to the frame repetition

time which is equal to 1=30 of a second. The forward di�erence p̂(n)� p̂(n� 1)

is approximated by �T@p=@T , where the variable T denotes time. Using the

non-dimensionalization t = T=�T the probability of the source being in one of

K-states at non-dimensional time t is modeled by the continuous time Markov

chain

@p

@t
= pQ (3)
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where Q = Q̂ � I is the generator and the component pi of the row vector p

represents the probability of being in the ith state at time t. The mean rate of

the number of packets generated in a video frame is given by the rate vector r.

The elements of the vector are obtained by scaling the elements of r̂ by a factor

12; 000 bits (1500 bytes) per packet. The component ri of r is taken to be the

output rate when the source is in the ith state.

The multiplexing of two mutually independent and identical sources yields

two dimensional state probabilities which can be modeled and expressed in form

similar to that given in Eqn. (3). The mapping of the set of two-dimensional

states to a one-dimensional state vector is accomplished by replacing the gener-

ator and the state probability vector by the Kronecker sum Q
L

Q and product

p
N
p, respectively. The rate matrix R, initially comprised of the elements of r

on its diagonal, is replaced by the Kronecker sum R
L

R. The Kronecker sum

operation increases the dimension of the generator matrix to K2. In the case

of N sources, the generator and rate matrices are obtained by taking an N -fold

Kronecker sum of Q and R, respectively. The dimension of each of these matrices

is KN . The objective of this work is to develop a model that reduces the state

space dimension while maintaining scalability. Furthermore, the model should

adequately estimate the complementary delay distribution.

Scalable computation of the generator is possible under the assumption that

the �rst moment of the rate probability distribution of N multiplexed sources is

known. For N identical independent sources, the mean rate is equal to N �r where

�r is the mean rate of a single source. The approach is to quantize the packet rate

into integral multiples of a fundamental rate ro. In the case of a VBR source

having K-states, the packet rate per frame is approximated as

r = fr1 ; r2 ; � � � ; rK g � ro fm1 ;m2 ; � � � ;M g (4)

Here, rj+1 � rj and m1, m2, � � �, M are integer harmonics of the fundamental.

The fundamental rate ro is determined using ro = r1=m1. Starting atm1 = 1, the

value of m1 is increased until the �rst moment of the resulting rate distribution is

within a prescribed tolerance of the exact result. The value for the �rst multiplier

m1 is limited to range from 1 to K. The remaining multipliers are evaluated as

mi = ri=ro. Therefore, each component of the packet rate vector is a harmonic

of ro. The diagonal rate matrix R is constructed by using the elements of r as

the diagonal elements.



8 C. Thompson, K. Chandra, S. Mulpur, J. Davis / Modeling Packet Delay

The matrix R may contain columns that have identical rate elements. The

approach is to prescribe a single rate for each state. A reduced dimension gen-

erator matrix is obtained by summing the columns and weighting the rows that

are associated with an equivalent rate. The number of unique rates associated

with the superposition of N sources each de�ned by M quantized rates is given

by the length of the N -fold convolution of vectors each of dimension M . This

yields a system model of O(NM) states.

For the case where two rates rk and rl have equal rate values, the state

reduction process is outlined as follows. These rates correspond to the state

represented by the k and l columns of the K-state generator matrix. For this

purpose, let k < l. The steady state probability for these two states are �pk and �pl.

The reduction process is given in Eqns (5) and (6). The reduced transition matrix

Q0

ij is obtained by summing the coeÆcents in the k and l columns and placing

the result in column k. In addition, the k and l rows are also combined. Rows

k and l are weighted by the fractions �pk=(�pk + �pl) and �pl=(�pk + �pl), respectively

and summed. The resultant sum replaces row k.

Q0

ij =

8>>>>>>>>>>><
>>>>>>>>>>>:

Qij for i 6= k; j 6= k

Qik +Qil for i 6= k; j = k

�pkQkj + �plQlj
�pk + �pl

for i = k; j 6= k

�pk(Qkk +Qkl) + �pl(Qlk +Qll)
�pk + �pl

for i = k; j = k

(5)

R0

ij =

(
ri for i = j

0 otherwise
(6)

Column and row l are eliminated from the matrix. The remaining columns

where K � j > l are shifted to the left by one column. As a result, Q0 has

K � 1 columns. The remaining rows where K � i > l are shifted up by one

row. Hence, Q0 becomes a matrix having dimension K�1. The rate matrix R0 is

simply comprised of the diagonal elements of the rate vector with the rl element

removed. The two source model is obtained by replacing the matrices R and Q

by R0 and Q0, respectively.

The number of sources can be succesively doubled by recursively applying

the aformentioned method. The index of the �rst harmonic is chosen using the
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following process: For a single source, the fundamental r
(1)
o is chosen to yield the

minimum error in the mean value of the rate. The index m1 ranges from 1 to

K(1) where K(1) is the dimension of the one source generator matrix. When N

is a power of two the fundamental is obtained recusively using Eqn (7).

r(N)
o =

8>>>>>><
>>>>>>:

r
(N=2)
o for

r
(N)
1

2r(N=2)
o

� K(N)

2r
(N=2)
o for

r
(N)
1

2r(N=2)
o

< K(N)

(7)

The variables N and K denote the number of sources and the dimension of the

generator, respectively. The superscript denotes the variable that is evaluated at

that iteration of the source count.

The model for the multiplexed VBR sources will be evaluated using a uid

bu�er model of a queue. The aggregated traÆc stream enters a queue with

in�nite waiting room. Packets in the bu�er are serviced on a �rst-in �rst-out

basis at a constant rate of c packets per frame. In the steady state, burst-level

delay can be modeled using the uid bu�er approximation. The variable x is

taken to be the continuous analog of the bu�er occupancy in packets. Following

[7], the complementary probability of the bu�er having more than x packets is

Pr(Delay > x) = 1� ppTjpj�1 where p satis�es

@p

@x
[R� Ic] = pQ (8)

The drift matrix R�Ic is a diagonal matrix comprised of the elements ri�c. The

solution of Eqn (8) follows that of an eigenvalue problem. For an in�nite bu�er,

subject to consideration that the solution is bounded at x equal to in�nity, the

leading coeÆcients of the exponentially growing modes are set equal to zero. The

amplitude of the remaining modes is determined by equating pi(x = 0) equal to

zero for cases where ri � c is greater than zero.

4. Results

The uid bu�er analysis is carried out for a H.261 encoded video source

described by Markov transition and rate parameters. The estimation of these

parameters from data is discussed in Section 2. Each state is then associated
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Figure 2. Complementary delay distribution for 4 multiplexed H.261 sources. � = 0:8

with an average arrival rate. The selection of the optimal number of states is

based on statistical matching of the rate histogram and an invariance criteria

on the dominant eigenvalue distribution of the transition matrix with increasing

value of K. A 16-state Markov chain satis�es these constraints for the considered

source. The source average and peak rates are approximately 0:35 and 1:0 Mbits

per second at 30 frames per second. The packet size is 1500 bytes.

A uid bu�er model is used to examine how the choice of the number of

states in the single source model inuences the queueing characteristics of the

multiplexed stream. Using a 5 minute duration video sequence from a single

source, multiple sources are constructed by concatenating segments of 300 con-

secutive frames from the original source with randomly selected starting points.

The delay distributions are obtained for many such ensembles and averaged to

yield the representative queueing behavior of the multiplexed stream. For each

value of the queue length, the mean and standard deviation of the bu�er occu-

pancy is obtained. A K-state Markov chain model is derived for a single source,

for K = 5; 12 and 16 states. Figure 2 depicts the delay distributions obtained

from the uid-bu�er model for these values of K. Also shown is the ensemble

averaged queue distribution obtained from the H.261 video data along with one

standard deviation interval values. The results shown are for multiplexing N = 4

sources. It can be seen that inadequate modeling of the spectral content in the

single source as in the K = 5 case, signi�cantly underestimates the packet-delay
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Table 2

Dimension of the simpli�ed generator matrix

Number of Sources, N Order of the Reduced Relative error

Generator Matrix

1 16

2 112 1:26 � 10�4

4 423 �1:36� 10�3

8 556 9:32 � 10�4

16 652 7:30 � 10�4

32 661 5:30 � 10�4

probabilities experienced by the video traÆc. As K is increased the asymptotic

decay rate obtained from the uid bu�er model approaches that obtained using

actual source data. The di�erence in the decay rates is magni�ed as N is in-

creased, if the magnitude of K is insuÆcient to completely capture the spectral

content of the single source generator matrix. It can be seen from the �gure that

16 states can be used to adequately estimate the delay distribution.

The 16-state Markov chain model is used to model each of the multiplexed

video sources. The generator matrix for the aggregate sources was simpli�ed by

combining the states resulting from the Kronecker sum with those which have

common quantized rates values. To do so, a fundamental rate was chosen using

the method described in Section 3. The relative error in the mean rate using the

reduced dimension generator was evaluated as (�r(N) � N �r)=(N �r). The relative

error in the mean rate versus the number of sources multiplexed is given in Table

2. It is evident that the number of states required to match the mean rate of N

multiplexed sources is far less than the 16N states that would be required if no

approximations were imposed on Kronecker sum of the generator matrices. The

rate probability density function approaches a Gaussian density function as the

number of sources is increased.

The aforementioned reduced state generator matrices were used to compute

the complementary delay distribution in a �rst-in �rst-out uid bu�er. The

complementary delay distributions Pr(Delay > x) for N = 2, 4, 8, 16 and

32 multiplexed sources are depicted in Figure 3. In each case, the utilization

� is equal to 0:8. The service rate c = �rN=�. The results of the models are

compared to those obtained by simulation. The simulation results are bounded

by the con�dence intervals shown in the �gure. The extreme values denoted in
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the errorbars correspond to the location of one standard deviation value and the

center point represents the mean value. In the simulation, each source emits 106

frames of data per realization. Each point is the result of an ensemble average

of 60 realizations. The simulation and model results are in good agreement for

N � 16 sources. Departure between these results occur at N = 32 sources.

This di�erence is the result of incomplete modeling of the subdominant states at

N = 16.

MPEG-2 two layer encoded video sources from entertainment applications

are also used to verify the model. The entertainment video corresponds to a

clip from "The Blues Brothers" movie. In MPEG-2, an I-frame is generated

only at scene changes. Therefore, between I-frames, an arbitrary number of P-

frames can occur depending on the video source characteristics such as the scene

duration. The frame rate for MPEG-2 data is 1=24th of a second. MPEG-2 data

is modeled by a 20-state Markov chain. The uid bu�er analysis is carried out for

the MPEG-2 multiplexed video data. The results for the complementary delay

distribution for the multiplexing of N = 2 and N = 4 sources are given in Figure

4, in which the model results are compared with those of the simulation. The

solid lines represent the results from the simulation and the dotted lines represent

the results from the model. For a utilization of 0:8, it can be seen that the model

is in good agreement with the simulation results.
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5. Summary

In this work, a uid bu�er model based analysis of the delay distribution for

VBR sources was presented. A method for reducing the state space dimension of

generator was given. The reduction process involved the quantization of the rates

and the fundamental rate was chosen to yield the best match to the mean and

variance of the rate. States having equal rates were aggregated thereby reducing

the number of states in the generator matrix. The resulting model allowed for

scalable analysis as the number of sources was increased. These approaches have

been used to study the e�ect of model order on traÆc descriptors. By compar-

ison with the actual video data, it is shown that the queueing probabilities of

multiplexed sources are signi�cantly underestimated by approximating a single

source with a reduced number of states. It was shown that the state reduction

procedure yields reasonable results for modest numbers of sources if the single

source models are suÆciently accurate.
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